
T E M P E R A T U R E  F I E L D  IN T W O - L A Y E R  T H E R M A L  

S H I E L D I N G  A C T I N G  A G A I N S T  A P U L S E D  F L O W  O F  

A .  M.  F a i n  a n d  A .  Y u .  N u l ' m a n  

H E A T  

UDC 536.2.01 

In o r d e r  to find the t e m p e r a t u r e  field in a t w o - l a y e r  shield designed to r e s i s t  pulsed heat flows, 
a modif icat ion of the method of weighted res idues  is employed,  together  with the hea t -ba lance  
equation. L inear  and nonlinear  formula t ions  a r e  considered.  

The opera t ion of a la rge  number  of modern  s y s t e m s  working under conditions of br ie f ,  pulsed t h e r m a l  
actions depends on the possibi l i ty  of ensur ing re l iab le  heat shielding for  devices  ex t r eme ly  sensi t ive  to t e m -  
p e r a t u r e  changes .  Two opposing demands a r e  usual ly  laid upon the shielding: a min imum weight and s ize ,  on 
the one hand, and a high s tabi l i ty  of t e m p e r a t u r e  conditions behind the b a r r i e r ,  on the o ther .  An effective 
solution frequent ly  employed is a two- l aye r  t h e r m a l  shield (Fig. 1) with a t h e r m a l  r e s i s t ance  at the boundaey 
D between the l aye r s ;  the outer  l ayer  A is made of thin me ta l  sheet  and the inner  l aye r  B, of h e a t - r e s i s t a n t  
p las t ic .  The sc reen ing  l aye r  A, which may  be r ega rded  as a plate with an ex t r eme ly  sma l l  ]Siot number ,  
p rovides  ex te rna l  heat r e l e a s e .  The th ickness  and m a t e r i a l  of the main  l ayer  B a r e  chosen in such a way as  
to ensure  that  the t e m p e r a t u r e  of the wall  E should r ema in  prac t ica l ly  unchanged under  the action of an e x t e r -  
nal pulsed t h e r m a l  flux. 

High working t e m p e r a t u r e s  producing t h e r m a l  radia t ion,  subs tant ia l  t e m p e r a t u r e  g rad ien t s ,  and r e q u i r -  
ing al lowance to be made for  var ia t ions  in the phys ica l  p rope r t i e s  of the m a t e r i a l s ,  together  with the foregoing 
r equ i r emen t s  imposed  upon the heat shield,  in gene ra l  exclude the poss ibi l i ty  of l inear iza t ion .  However ,  even 
in the l inear  formula t ion  the solution obtained by c l a s s i ca l  methods becomes  unstable owing to the necess i ty  of 
allowing for  many  t e r m s  of the expansion,  which is inevi table  in the case  of pulsed t h e r m a l  action.  

In this pape r  we shal l  cons ider  a method of approx imate ly  de termining  the t e m p e r a t u r e  field in a two-  
l ayer  shielding such as will give a high engineer ing accu racy ,  s tabi l i ty  of the solution,  and p rac t i ca l !y  ident ical  
amounts of computing work for  the l inear  and nonl inear  approaches .  

L inear  P rob l em .  Let a heat flow q(r) fall  on the su r face  C, reaching a max imum qmax at  the ins tant  of 
t ime  r = r m a x .  The or ig inal  heat-conduct ion equation and boundary conditions a r e  specif ied in the fo rm 

"P - -  aT.~i.~ - -  0; 

- -  T + R ~ , T ) ~ I , = o ,  ~ = 0;  

T5Ix=~. ,=0 = T!~=o = TJ . . . . .  o = 0; 

q - -  c ' f 6 T  - -  e zT  + ~ T ~  .=o, �9 = O. 

(1) 

(2) 

(3) 

(4) 

Equation ( 2 ) e x p r e s s e s  the t e m p e r a t u r e  jump at the boundary between the l aye r s ;  condition (4) r e p r e s e n t s  
the hea t -ba lance  equation. Let us introduce the following d imens ion less  coordinates  and notation: 

= x / 6 ;  t = T / T o ;  r I = T/'~max; 

F o  : a~Cmax/62; i : -  T/To; [ ~ q/qmax; 

k n : c'~6To/(qmax'Vmax); k = OaTo/qmax; 

k ,  = s kn~, = knR/6; E ,  = R)~IS. 

(5) 
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Fig.  1. Computing scheme  fo r  t w o - l a y e r  shielding.  
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Fig.  2. Example  of calculat ion:  f ,  function of t h e r m a l  flux, d imens ion less ;  t ' ,  t e m p e r a t u r e  of l aye r  A, 
d imens ion less ;  s2, effect ive depth of heating,  d imens ionless ;  1) l inear  p rob lem (boundary condition of 
the th i rd  kind); 2) nonl inear  p rob lem (radiation by the Stefan--Bol tzmann law); 3) nonl inear  p rob lem (ra-  
diation by the Stefan--Bol tzmann law, va r i ab le  t h e r m a l  conductivity);  4) l inear  p rob lem (compara t ive  
solution by the method of i t e ra t ions ) .  

In the notation of (5) the or ig inal  p rob lem (1)-(4) takes  the fo rm 

L (t) ~ l ' --  Fo t** :: O; 

M ( t , ,  : o) ----- f - -  k~i  + k~ ,  i~ - -  kt + k ,  t~, ,:o, ,~ = o; 

D (t, ~, := O) ~ ] - -  t -- k-r162 ,1 = O; 

li,~-~o ---- ! ir ~-=o =~ O. 

(6) 

(7) 

(8) 

(9) 

According to definit ion, the t h e r m a l  flux has two monotonic regions (Fig. 2): r i s ing  for  77 < 1 and falling 
fo r  7/> 1. Na tura l ly ,  on allowing fo r  heat t r a n s f e r  to the ambient  the t e m p e r a t u r e  field should have two mono-  
tonic regions ;  the m a x i m u m  t e m p e r a t u r e  of l aye r  A w-ill lag with r e spec t  to the max imum the rma l  flux, usually 
by a t ime  much g r e a t e r  than the durat ion of the ex te rna l  pulse .  It  is p rec i se ly  this delay which leads to the 
e x t r e m e l y  difficult  and not a lways soluble p rob lem of overcoming  the instabi l i ty  of compute r  calculat ions in 
obtaining p rac t i ca l  r e s u l t s .  This  difficulty may  be avoided by consider ing the or iginal  Problem for  the two 
t ime  in te rva l s  I (0 _< ~? _< 1) and H 07 > 1). Here  t I = t l ,  f l  = f  and tiI = t  2 - t 3 ,  f 2 = l ,  f 3 = l - f .  Inthis  case,  
f i r s t ,  t0,)~ {j = 1, 2, 3) will be monotonic functions,  and the fundamental  poss ibi l i ty  of ins tabi l i t ies  appear ing  
in the solution will vanish;  secondly ,  tj should sa t i s fy  (6)-(8) and the ini t ial  conditions 

tl!,. ~=0 = t~!~=0 = t~l,. ~=, :: t~i~=, = 0; 

(1 o) 
t~! .  ~=, = t , ! . . = ,  ; ~1.=,  = i ; ! . ~ ,  

In e s t ima t ing  the m e r i t s  of d i f ferent  ve r s ions  of the shielding we mus t  know three  defining p a r a m e t e r s :  
the t e m p e r a t u r e  of  l aye r  A -- t ' (~);  the m ax i mum t e m p e r a t u r e  of l aye r  B --  t(0,  ~); and the t ime  during which 
the t e m p e r a t u r e  of  wall E is  no g r e a t e r  than a se t  l imit .  Taking account of (8) it  is sufficient to de te rmine  
s imply  the f i r s t  and third p a r a m e t e r s .  Taking these  as minimizing functions s~(~), s2(~) and using the wel l -  
known idea of a finite heating depth [1], we shal l  s eek  the approx imate  solutions tj in the fo rm 

= s , j  (I - -  , / s ~ )  ~. a l )  
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w h e r e  

We r e p l a c e  the d i f f e r en t i a l  equat ion  (6) by  the  i n t e g r a t e d  equat ion  [2] 

S~JL (j) = 0. 
0Yj (12) 

'OSL~- 
0 

Allowing f o r  (11), condi t ions  (7) and (12) m a y  be t r a n s f o r m e d  and reduced  to the n o r m a l  f o r m :  

S H = q)~l ,~q)12,JqO10,J  . 

�9 (~21, J(~22,jQ)20,j i ' (13) 

s~0 (0) -- s~a(1); 811 ( 1 )  : S12 (1); S2o " (1) = s~ (1), 

, 2 
%1.i : k~ ~- k~r + 2/s2j; %2.] - - -  2k~,s~1/s2i ; 

(~10.J  = f J  - -  S l J  (]~ -~- 2 k , / S 2 j ) ;  (14) 

%1.j = 2s~/; %2.i = sljs2s; %0.J = 6,67Fo hi. 

Solution (13) enab les  us to find the  unknowns si j  and hence  the  unknox~m t e m p e r a t u r e  f ie ld in p r a c t i c a l l y  
any c o m p u t e r .  

N o n l i n e a r  F o r m u l a t i o n  

On a l lowing f o r  t h e r m a l  r ad i a t i on  f r o m  the  s u r f a c e  C obeying the f o u r t h - p o w e r  law the t h e r m a l  ba lance  
condi t ion t akes  the f o r m  

q -  ~ ~ -  ~ v  - ~ f ~ + ~ v ~ / ~ = 0 ,  ~ = 0. (15) 

The  hea t - conduc t i on  equat ion  (6) r e m a i n s  as  b e f o r e ,  and so do condi t ions  (8) and (9). Le t  us  denote  

k~ = aT~/qm~; (16 ) 

F (t, r = 0) = - -  ko ( t - -  k r  ,~o  = 0. 

Condit ion (15) e x p r e s s e d  in the  nota t ion  of (7) and (16) then  t a k e s  the f o r m  

M(t ,  $ = O ) - - F ( t ,  $ = 0 ) = 0 .  (17) 

Seeking the  so lu t ion  in the  s a m e  way as  in the  l i nea r  p r o b l e m ,  f o r  the  s a m e  monoton ic  r eg ions  I and 1T 
we find tha t  t t  and t 2 should s a t i s fy  (6) and (17), while t 3 should s a t i s f y  Eq.  (6) and the  condit ion 

M(t 8, ~ 2 = 0 ) - - F ( t  v t p = 0 ) - - F ( t  2 - t  a, r  (18) 

of which it  i s  qui te  e a s y  to convince  onese l f  by s u b t r a c t i n g  (18) f r o m  (17) and c o n s i d e r i n g  that  t i i  = t~ - t~. The  
bounda ry  condi t ions  r e t a in  the  f o r m  (10). 

Tak ing  the  f o r m  (11) f o r  tj as  b e f o r e ,  f r o m  condi t ions  (12), (17), and (18) we a r r i v e  at  the s y s t e m  (13), 
in which  only one f r e e  t e r m  d i f f e r s  f r o m  (14) and is  equal  to 

%o,J = f~ - -  s~ (k + 2kr ) - -  Gj, (19) 

in which 

Gj = teos~ i (1 -F 2E,/s~j) ~ for ] = 1, 2; 

G ,  ~ G e - -  kos~  ] [s12/sla - -  1 -? 2kr (s32 ~ s22)/(s22 - -  sn.~)IL (20) 

In o r d e r  to be s p e c i f i c ,  le t  us  c o n s i d e r  the  bounda ry  condi t ion with the t h e r m a l  r ad i a t ion  obeying  the 
f o u r t h - p o w e r  law,  the  t h e r m a l  conduc t iv i ty  be ing a l i n e a r  funct ion of t e m p e r a t u r e  7~ = ~0 (1 + fiT). 

In the  no ta t ion  adopted ,  the  o r i g ina l  p r o b l e m  m a y  be wr i t t en  as  fo l lows:  

Pff) ~ / - - F o [ ( 1  + ~rt)t~ 1r = 0 (~r = ~To); 

f - -  i(k~ - -  k~,f~r t'r - -  k , , i ~  (1 4- ~r t) - -  k , t r  (1 + f~r t) + k [t - -  k , t r  (1 + ~r t ) l % = o ,  = 0 

sub j ec t  to boundary  condi t ions  (10). 
(21) by the  i n t e g r a t e d  condi t ion 

(21) 

(22) 

As  in the  two e a r l i e r  p r o b l e m s  we c o n s i d e r  two t i m e  i n t e r v a l s ,  r e p l a c i n g  
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d~2=O; (23) P(~) 
as~j 

0 

substituting tj in (22) and making some simple transformations, we again arrive at Eq. (13), in which ~Oik, j 
are simply distinguished by having a more complicated form. 

Allowance for the rmal  radiation and a variable thermal conductivity (other conditions being equal) leads 
to the appearance of strongly expressed maxima considerably displaced to the left hand side. Like the laws 
governing the heating of B, this result  is in excellent agreement~with physical  considerations. 

A comparative calculation carr ied out for the linear problem by the considerably more troublesome 
method of iterations revealed excellent agreement between the results (Fig. 2). 

N O T A T I O N  

T, T, temperatures of layers A and B; ~, c, specific heats; ~, 6, thicknesses; x, coordinate; q, ther-  
mal flux; T, time; a,  thermal diffusivity; R, thermal resistance; a, reduced emissivity; ~, dimensionless 
coordinate; ~, dimensionless time; f ,  dimensionless thermal flux; t', t ,  dimensionless temperatures;  Fo, 
Fourier  number; s ,  minimizing function. 
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